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Table IV 
Parameters in Flory's Equation of State 

u(us,) x 104,a 
Substance u * ,  cm3/g T*, K P*, bar cm3/g 

HMDS 0.9995 4468 3253 33 
PDMS 3 0.8780 5070 3078 23 
PDMS 10 0.8694 5288 3133 20 
PDMS 20 0.8531 5395 3156 18 
PDMS 100 0.8412 5470 3230 19 
PDMS 350 0.8403 5554 3115 18 
PDMS 1000 0.8403 5554 3115 18 

a u = standard deviation. 

compressible liquids, HMDS and PDMS 3, within the ex- 
perimental accuracy. Flory's equation of state represents well 
the PVT behavior of all liquids with characteristic parameters 
determined using all PVT data reported here. Equation-of- 
state parameters evaluated from volumetric data at  1 bar only 
differ significantly from those in Table IV and do not allow 
good representation of the data a t  high pressures. Although 
agreement between fitted and experimental PVT data is good, 
the deviations may be significant for polymer-solution ther- 
modynamics since equation-of-state contributions may be 
important in calculating excess functions of polymer mixtures. 
We made no attempt to test other equations of state for 
polymer liquids. 
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ABSTRACT: The excluded volume effect on the principal components is discussed by a perturbation method with 
the aid of a method of second quantization introduced by Fixman. The perturbation series of the excluded volume 
parameter t for the square radius of gyration is decomposed, up to the term linear in t, into the three orthogonal com- 
ponents along the principal axis of inertia of a polymer chain. The ratio of coefficients of z is 1.91:1.33:1. This repre- 
sents that the effect of excluded volume forces is very anisotropic; this effect has the tendency to strengthen further 
the asymmetrical distribution of segments in the unperturbed state. 

I t  has been well known that the distribution of segments 
about the center of mass is not spherically symmetric but may 
be regarded as approximately ellipsoidal. The ratios of the 
principal orthogonal components of a ellipsoid are a quanti- 
tative measure of this asymmetrical distribution. Since the 
sum of three principal components equals the square radius 
of gyration S2, the problem of determining the values of 
principal components equals that of decomposing the square 
radius of gyration S2 into its three orthogonal components Xi  
(XI I Xz I X3) along the principal axis of inertia of the 
chain. 

Many years ago Kuhnl drew attention to strong asymmetry 
of a random-flight chain following from consideration of av- 
erage loci of several special segments in the chain relative to 
its end-to-end vector. A priori or a qualitative introduction 
of this asymmetrical distribution has played an important role 
in the theory of the excluded volume effect2 and nonequilib- 
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rium properties of dilute polymer solutions such as viscosity 
and diffusion coefficient of flexible chains with and without 
the excluded volume e f f e ~ t . ~  

gecent works on the shape of a random-flight chain clearly 
reveal this asymmetry from quantitative points of view. In 
1971 s01c4 showed, by the Monte Carlo method, that in the 
absence of the excluded volume effect, the intersegmental 
hydrodynamic interaction, and external perturbations (such 
as shear flow), a surprisingly high ratio of principal compo- 
nents is found to be 

Xl:Xz:X3 = 12:2.7:1 (1) 

A little later Doi and Nakajima5 proposed a method, as men- 
tioned below, for a theoretical estimation of principal com- 
ponents, based on the spring bead model (Rouse model6), and 
showed that it reproduces fairly well the above high ratio. 

I t  is expected, however, that owing to the presence of the 
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excluded volume effect and shear flow with the hydrodynamic 
interaction, the values of principal components may alter from 
those for an ideal chain to the corresponding values for a 
perturbed chain. In particular, the problem of the excluded 
volume effect has been investigated by a perturbation method 
within the framework of the two-parameter t h e ~ r y . ~  For ex- 
ample, the end-to-end expansion parameter CUR and the 
gyration radius expansion parameter as may be expressed as 
a power series in the parameter of z up to third and second 
order, respectively, as f01lows:~ 

 cy^' = 1 + 1.3332 - 2.0752’ + 6 . 4 5 9 ~ ~  - . . . (2) 

as2 = 1 + 1.2762 - 2 . 0 8 2 ~ ~  + . . . (3) 

where z is the usual excluded volume parameter. 
Therefore, there arises a new, interesting problem of de- 

composition of the coefficients of z n  (n is integer) in eq 3 into 
the three orthogonal components. That is, each of three 
principal components may also be expanded in a power series 
of z as 

(4) 

where subscript 0 refers to the unperturbed chain. In eq 4 the 
ratios of magnitude of coefficients A, in each order represent 
the anisotropy of appearance of excluded volume forces for 
an unperturbed chain. 

On the other hand, F i ~ m a n ~ . ~  developed a method of second 
quantization for the discussion of polymer dynamics, based 
on the fact that the Rouse model is a coupled oscillator system. 
Since a coupled oscillator system is, as is well known in sta- 
tistical physics, the collection of harmonic oscillators, it can 
be described systematically in terms of creation and annihi- 
lation operators. 

I t  is the purpose of the present paper to study the effect of 
excluded volume forces on principal components of the el- 
lipsoid formed by a chain with a special attention payed for 
obtaining the values of coefficients of the linear term of z in 
eq 4, combining Doi and Nakajima’s approximate scheme and 
the method of second quantization. First, a method of oper- 
ator representation satisfying boson commutation rules is 
described following Fixman’s theory. Second, Doi and Nak- 
ajima’s idea for principal components is given. Third, using 
the method of second quantization, first-order correction 
terms in eq 4 are calculated in practice. Finally, a few com- 
ments on the result obtained are presented. 

Boson Representation 
In this section we describe in brief a method of operator 

representation satisfying the boson commutation relation 
which was introduced by F i ~ m a n . ~ . ~  The introduction of this 
technique makes not only explicit consideration of the ex- 
cluded volume but also of shear flow with intersegmental 
hydrodynamic interactions. The time-dependent distribution 
function +(rl,rz, . . , , r ~ ; t )  satisfies the quationlOJ1 

(a$/at) + LIC. = o (5) 

L $  = Vt‘{uOIC, - D[kTVlC, + +V(U + W ) ] )  (6) 

Here, V is a column matrix whose elements are the vector 
components of a/ar,, with rL the position of the i th bead re- 
ferred to a Cartesian coordinate system having its origin at  the 
center of mass; Vtr is the transpose of V; uois a column matrix 
whose elements are the velocity components of the unper- 
turbed flow field, evaluated at the bead positions. The number 
of rows is three times the number of beads. U is the interseg- 
mental potential energy; U is the sum of two potentials 

U = S + E  (7) 

A, = A,O + A,lz - A,222 + . . . (i = 1 ,2 ,3 )  

where 

where S is the potential of interaction between beads close 
together along the backbone and E is the excluded volume 
potential. W is an external potential. Finally, D is a square 
matrix whose elements are the dyadic components of 

Dij = P-Qij + T(rij) (8) 

(9) 

forms a zeroth approxima- 
tion to the equilibrium distribution function + and is related 
to an effective intersegmental potential S as 

T(rij) = (8~40ri;)-~( 1 + rirj/rij2) 

We first put $ = ILap, where 

a exp(-Sa/kT) (10) 

where +a is normalized to unity over the space of bead coor- 
dinates. The new p satisfies 

(11) ap/at + tp  = o 
(12) 

L a  = -kT[Vtr - (VtrSa/kT)]D{V + [V(U - S a  + W ) ] )  
(13) 

t b  = [otr - (Vt’S“/kT)]UO (14) 

The operators and functions in eq 13 and 14 have thus far 
been expressed in bead coordinates, r1,r2,. . . , rN, for each 
polymer molecule presented. In these coordinates +a is chosen 
to be a modified Gaussian distribution and S a  is given by a 
spring potential as 

(15) 

The flexibility in the distribution is contained in the param- 
eter b,  or more specifically in an expansion factor cy: 

b = boa (16) 

where cy measures the expansion relative to a reference length 
bo and is used to obtain the closed expressions for various 
expansion factors such as CYR and C Y S . ~ ~ J ~  

Here, for large N the orthogonal transformation (Fourier 
cosine transformation) which diagonalizes So 

N N 

k =O i = l  
ri = 1 Qlkqk, q k  = Qkiri (17) 

(18) Q i k  = N-’”(2 - 6k,O)’” COS ( ikr/N) 

is introduced, and it gives 

(19) 

c y l 2  = 6b-2 sin2 ( l ~ / 2 N )  (20) 

In terms of these “normal” coordinates the operator La as- 
sumes the form 

(21) 

where 
N N  

F k l  2 QkiQljDij, V E (kT)-’(U - S a  + W )  
i = l  j = 1  

(22) 

For the presentation of L b ,  let simple shear flow be specified 
for which 

ViO = Ke,ey - ri (23) 
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so that eq 14 becomes P 
Equations 21 and 24 are the fundamental equations in terms 
of “normal” coordinates q k .  

In essence second quantization is to regard “normal” 
coordinates qk and their derivatives a/dqk as operators acting 
on a orthonormal complete system.lZ For this purpose, we 
introduce the usual creation, annihilation operators, and or- 
thonormal basis set in boson systems. Then the defining 
equation for the creation operator is 

b/,In) = ( n  + l)lf’In), ( m J b / , I n )  = (n  + l ) 1 / z 6 m , n + l  

(25) 

Similarly, the annihilation operator is defined to have the 
property 

bl,In) = nl /z ln  - l ) ,  (mlbl,In) = n1/26m,n-1 (26) 

The ket and bra vectors satisfy 

(nlm) = 6n,m (27) 

On the other hand, using the Hermite polynomial function 
with weight function $O, the matrix element of d/aqki is given 
by 

In eq 28 and 29, k specifies the mode number, i stands for 1, 
2 , 3  (x ,  .y, z ) ,  and we have used for 

(30) 

given from eq 10 and 19. Comparison of eq 25 and 26 with eq 
28 and 29 gives 

(a/dql) = ql = ( l /~ t /2~ / ’ ) (b l  + bl’) (31) 

where 

(32) 

and e, is a unit vector in the x, y ,  or t direction. From eq 25 and 
26 follow the usual commutation properties of boson opera- 
tors: 

(b /r ,bkJ)  = bllbk, - tlk,blr = 0,  (b l , t ,bk , t )  = 0, 
(b/l,bkJt) = 6 k , l 6 l , J  (33) 

With the understanding that all functions of “normal” coo:- 
dinat_es are given by a boson representation through eq 31, La 
and L arc written in the form, 

(34) 
- h . N  
La = 2; bkt Akl * [bi + (bi,V)I 

k = l  / = 1  

L b  = --Kxblt (erey)  (bl + bl+) (35) 

where (dV/dql) = (a/dql,V) and 

2kTakalFkl 

= 2 k ~ ” ~ k n l  QklQil[P-lfilJ + T(rIJ)] (36) 
L J  

rCLi 
Figure 1. Schematic representation of the spring bead system in a 
Fourier space.j 

The average of any function P of “normal” coordinates is 
written as 

( P )  = s $a~p(qi ,q2 , .  . . ,qN) dqi dqz . . . dqrv 
= (OlPIP) (37) 

with P and I p )  expressed in the boson representation, where 
IO)  designates the ground state defined by 

b110) = O  ((Olbl+=O) (38) 
Therefore, if Jp)  is given under suitable conditions and the 
observable P is defined, the average of P will be obtained by 
straightforward algebraic calculations with the use of com- 
mutation relations and eq 38. 

The next step is to obtain the perturbed state vector in the 
boson representation. For the case of the presence of the ex- 
cluded volume effect only, L vanishes and p satisfies 

Lap = 0 (39) 

Then Fixman showed, using the boson representation for a 
6 function G(ri,) which interacts between beads, that the boson 
representation of Ip) is given by 

IP)  =exp[-’/z N Gk(lfGk)-lbpt.bkt]10) (40) 

k = l  

with 

Gk = (a2 - 1) - (Z/cU3)gk (41) 

where 

z = (3 /2~bo’) ’ /~XNl/~  (42) 

(43) 

The parameter z is one which has been frequently used to 
measure excluded volume forces (X is the strength of a 6 
function). The gk are numbers independent of N for large N 
and are related to Fresnel integrals. Detailed derivation of eq 
40 and approximations contained there are fully discussed in 
Fixman’s p a ~ e r , ~ , ~  so we do not reproduce them here. 

Doi and Nakajima’s Idea for Principal Components5 
As shown in a previous section, a system of beads coupled 

with nearest neighbors by a spring, by the introduction of 
Fourier transformation, is transformed into that of a product 
of independent harmonic oscillators. Each of those are bound 
to the center of mass in qk space (Fourie space) by force con- 
stants Lyk (see eq 19 and 20), as shown in Figure 1 schemati- 
cally. For such a system, if the directions of principal axis of 
the ellipsoid can be determined, the principal components 
may be given by the sum of the square of projection of vectors 
qk (k = 1 ,2 , .  . . , N) on them. Since an effective force constant 
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is smallest fork = l ( (Yk 0: k2) ,  the major axis may be parallel 
to the direction of vector ql. Doi and Nakajima thus assumed 
that (1) the major axis is parallel to the q1 vector, (2) the sec- 
ond axis is perpendicular to the q1 vector and lies on the plane 
that the ql and q2 vectors make, and (3) the third axis is per- 
pendicular to both ql and q2 vectors. That is, a determining 
factor of the instantaneous shape of the ellipsoid formed by 
a chain is, in essence, two vectors ql, qz. 

From the above assumptions unit vectors u1, u2, u3 along 
three principal axes are given in terms of q1 and qz as 

We are now in a position to consider the effect of excluded 
volume forces. 

Calculation of X i  

As discussed already, the principal components Xi  are given 
by the sum of the square of projection of vectors qk (k = 1,2, 
. . . , N) on the directions of unit vectors u1, up, and us. How- 
ever, the spring bead system takes many conformations, so Xi  
(i = 1,2,3) are given by the average over all conformations in 
qk space. Therefore, XI is given from eq 37 and 44 as 

where qk (k = 1,2,. . . , N) are operators defined by eq 31. As 
long as we are concerned with the linear term of z ,  it is suffi- 
cient to use the expansion of the exponential in eq 40 up to 
fourth order 

IP)3 = '/8 C C G k G m ( 1  + Gk)-l(I + Gm)-'  
k m  

X bkt. bktbmt bmtJO), etc., . . . (47) 

and Gk = -zgk given from eq 41 with a = 1. 
By the use of eq 31, eq 45 is written as 

- '/z E G m ( 1  + Gm)-l([(bk + bkt) * (bl + b1t)l2bmt 
m 

- bmt) + '/a C C G m G n ( l  + Gm)-'(1 + Gn)-' 
m n  

X ([(bk + bkt) * (bl + b1t)l2bmt. bmtbnt - brit))] (48) 

where the notation (. . .) in place of (01.. . IO)  has been in- 
troduced for simplicity and the denominator of the second 

term in eq 45 is regarded as a c-number scalar quantity de- 
fined by 

(49) 
The reason why we replace the denominator of the second 
term in eq 45 by its average is that the absolute value of the 
q1 vector or its square is meaningless because of fluctuations 
of the ql vector. The matrix elements in eq 48 and 49 are 
evaluated easily with the use of the commutation rule and eq 
38 noting that a product of creation and annihilation operators 
can be transformed into the sum of a product of the contrac- 
tion.12 

B-l = (Ol(b1 + bit) * (bl + b1t)lp) 

For example, the fifth term in eq 48 is calculated as 
([(bk + bkt) - (bl + b1t)l2bmt 

* bltbmt.  bmt) + (bk 
bmt)  = (bk 
bibkt * blbmt.  bmt)  

blbk 

E 312 ( b l x b l x  ) ( b k x b m x  ) ( b k x b m x  t ,  
+ 2 ( b k x b k x t ) ( b l x b m x t )  ( b l x b m x t ) }  = 66k,m + 6 L , 1  (50) 

where in the right-hand side of the first line, all terms except 
the above two terms vanish on account of the property of the 
ground state, i.e., eq 38, factor 2 arises from the fact that two 
annihilation operators bk bk(blb1) can be contracted in two 
different ways with two creation operators bmtbmt(bmtbmt), 
and the commutation rule 

( b k i , b m j f )  = bk,mdi , j  (i, j = 1, 2, 3) (51) 
has been used. 

Equation 48 thus becomes the following simple form: 

For large N ,  Cyk approximates to 

oik2 = 3 k 2 ~ 2 / 2  ( N ~ o ) ~  (53) 

Using this and G k  = -zgk, we obtain after the expansion of 
the denominator in eq 52 in a power series of z 

Next we shall consider X3. The defining equation is 

N 

k = 3  
= (NbO)-'((ql x qd2)-' [ (01[qk * (ql x q2)I21P)] 

(55) 
where the denominator is replaced by its average. Equation 
55 is written explicitly in terms of boson operator as 
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(58) 

Furthermore eq 58 becomes 

where eq 53 has been used. 
Finally, A2 is given by 

As = (Ol[q2 - ql(q1 *q2)/1q1I2l2 
N 
C [qk ’ q2 - qk * ql(q1 ad/[  q112]2 

I P )  (60) 

The denominator of the second term in eq 60 also is replaced 
by its average; that  is, it  equals the first term. Though the 
calculation of the matrix elements in eq 60 is very tedius, we 
obtain 

[(12 - Ql(91 - q2)/l q1I2l2 
+ k = 3  

Thus 

+ e  1 
X2 = (Nbo)-2 [ 

az2(1 + ‘22 )  k = 3  2 a k 2 ( 1  + G k )  

With the use of eq 53, eq 62 is written up to order z as 

Results and Discussion 
The purpose of the present paper was to decompose the 

perturbation series of z for as, up to the term linear in z ,  into 
three orthogonal components along the principal axis. The 
results are given by eq 54,59, and 63. In order to compare these 
series expansions, we need values of gl, g2, and Zf=gk/k2. 
These were obtained by the numerical computation as fol- 
~ o w s : ~ J ~  

g i  = 1.5157, g2 = 1.1705, (6/p2) gk/k2 = 1.2762 
k = l  

(64) 

In the limit of N - a, eq 54,59, and 63 thus become 

= 0.1231 + 0.17322 - . . . (65’) 

= 0.3022 X 10-1 + 0.2959 X 1 0 - l ~  - . . . (66’) 

g1 g2 ) z - .  . . (67) 
18 1 2  k=i3a2k2 3a2 12a2 

= 0.1334 X 10-I + 0.9826 X 10-’t - . . . (67’) 

where the sum ZkITk-2 = a2/6 has been used. Adding eq 65, 
66, and 67, we have 

(68) 

and it agrees exactly with the expression of the perturbation 
series for the square radius of gyration obtained by Stidham 
and Fixman.I3 Furthermore, anisotropy of the excluded vol- 
ume effect for X i  can be seen from the following expres- 
sions: 

ax1 = X1/Xio = 1 + 1.40692 - . . . (69) 

axz = X2/X2’ = 1 + 0.97912 - . . . (70) 

axQ = X3/Xs0 = 1 + 0.73652 - . . . (71) 
These show that the effect of excluded volume forces on 
principal components Xi  is very anisotropic, that is, it has the 
tendency to strengthen further the asymmetrical distribution 
of segments in the unperturbed state.I5 The ratio of coeffi- 
cients of z is 1.91:1.33:1. 

Though the present calculation is based on Doi and Naka- 
jima’s idea, it is thought that  the result obtained here holds 
in general for random flight chains. As pointed out by Doi and 
Nakajima, however, the present method does not give quan- 
titative agreement with computer calculations by solc for Azo 
and X3O. s01c4 obtained that Xl0 = 0.1256, Azo = 0.2916 X 10-1, 
and h3° = 0.1077 X lo-’. These disagreements may be due to 
the ambiguity of selections of both major and second axis in 
a Fourier space. Therefore, if they are chosen to give satis- 
factory estimations for Azo and X3O, the method used here may 
give more reliable information about the effect of excluded 
volume forces on them. 

For the present model, of course, the calculation of coeffi- 
cients of higher order of z or the closed expressions of z for Xi  
may clearly reveal the effect of excluded volume forces on 
principal components.15a Furthermore, it is of interest to in- 
vestigate the behavior of principal components under external 
perturbations, such as shear flow with hydrodynamic inter- 
action. This problem can also be treated along the line men- 
tioned in previous sections. The result will be reported in a 
separate paper.I4 
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